
http://www.uchzap.com ISSN 2658-7114 (Print) ISSN 2542-0070 (Online)

ÓÄÊ 517.956
DOI: 10.21209/2658-7114-2020-15-3-46-51

Ñâÿòîñëàâ Åâãåíüåâè÷ Õîëîäîâñêèé1,
äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð,

Çàáàéêàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

(672039, Ðîññèÿ, ã. ×èòà, óë. Àëåêñàíäðî-Çàâîäñêàÿ, 30),

e-mail: hol47@yandex.ru

ORCID: 0000-0002-3983-1384

Èðèíà Àíàòîëüåâíà Åôèìîâà2,
êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò,

Çàáàéêàëüñêèé èíñòèòóò ïðåäïðèíèìàòåëüñòâà

(672086, Ðîññèÿ, ã. ×èòà, óë. Ëåíèíãðàäñêàÿ, 16),

e-mail: ye�mova79@yandex.ru

ORCID: 0000-0001-7661-0233

Çàäà÷à Äèðèõëå â ïîëîñå äëÿ äèâåðãåíòíûõ óðàâíåíèé ñ ìîíîòîííûìè
ðàçðûâíûìè êîýôôèöèåíòàìè. Ñëó÷àè ðåøåíèé â êîíå÷íîì âèäå

Ðàññìîòðåíà ïåðâàÿ êðàåâàÿ çàäà÷à â ïîëîñå −l < x < l, y ∈ R, ñîñòîÿùåé èç äâóõ
íåîäíîðîäíûõ çîí D1(−l < x < 0) è D2(0 < x < l), â êîòîðûõ äèâåðãåíòíîå óðàâíåíèå
èìååò êîýôôèöèåíòû ñîîòâåòñòâåííî âèäà K1(x) = k1(b1x+ 1)2 è K2(x) = k2(b2x+ 1)2, ãäå
ïîñòîÿííûå ki, bi óäîâëåòâîðÿþò óñëîâèþ k1b1 = k2b2. Ðåøåíèå çàäà÷è âûðàæåíî â êîíå÷íîì
âèäå ÷åðåç ðåøåíèå êëàññè÷åñêîé çàäà÷è Äèðèõëå â ïîëîñå äëÿ óðàâíåíèÿ Ëàïëàñà.

Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è â ïîëîñå, äèâåðãåíòíîå óðàâíåíèå, êóñî÷íî-
íåïðåðûâíûå ôóíêöèè ïðîíèöàåìîñòè, óñëîâèÿ ñîïðÿæåíèÿ

Çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè äëÿ äèâåðãåíòíûõ óðàâíåíèé ñ ôóíêöèîíàëüíû-

ìè êîýôôèöèåíòàìè èìåþò áîëüøîé ïðàêòè÷åñêèé èíòåðåñ, ò. ê. îïèñûâàþò ðàçëè÷-

íûå ïðîöåññû òåïëîìàññîïåðåíîñà â ðåàëüíûõ ñðåäàõ, êîòîðûå, êàê ïðàâèëî, ÿâëÿ-

þòñÿ íåîäíîðîäíûìè. Èçâåñòíû ðåøåíèÿ íåêîòîðûõ çàäà÷ ñ íåïðåðûâíûìè êîýôôè-

öèåíòàìè äèâåðãåíòíûõ óðàâíåíèé [1�3, ñ. 193, 271]. Â äàííîé ñòàòüå ðàññìîòðåíû

çàäà÷è äëÿ äèâåðãåíòíûõ óðàâíåíèé ñ êóñî÷íî-íåïðåðûâíûìè êîýôôèöèåíòàìè, ñî-

ñòàâëåííûìè èç êâàäðàòè÷íûõ ôóíêöèé.

Ðàññìîòðèì â ïîëîñå D(−l < x < l, y ∈ R), ñîñòîÿùåé èç äâóõ ïîëîñ D1(−l < x <

< 0) è D2(0 < x < l) îòíîñèòåëüíî ôóíêöèé ϕi(x, y) â Di ïåðâóþ êðàåâóþ çàäà÷ó äëÿ

äèâåðãåíòíûõ óðàâíåíèé

∂x[Ki(x)∂xϕi(x, y)] +Ki(x)∂yyϕi(x, y) = 0, (x, y) ∈ Di, (1)

1Ñ. Å. Õîëîäîâñêèé ñèñòåìàòèçèðîâàë ìàòåðèàë.
2È. À. Åôèìîâà ñèñòåìàòèçèðîâàëà ìàòåðèàë, ïðîâåëà ÷èñëåííûå ðàñ÷¼òû.
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ϕ1|x=−l = 0, ϕ2|x=l = h(y), (2)

x = 0 : ϕ1 = ϕ2, k1∂xϕ1 = k2∂xϕ2; (3)

ãäå

K1(x) = k1(b1x+ 1)2, K2(x) = k2(b2x+ 1)2, (4)

ki, bi � ïîëîæèòåëüíûå ïîñòîÿííûå, óäîâëåòâîðÿþùèå óñëîâèÿì

k1b1 = k2b2, b1 <
1

l
, (5)

h(x) � çàäàííàÿ îãðàíè÷åííàÿ ïðè 0 < x <∞ ôóíêöèÿ, ∂x = ∂/∂x, ôóíêöèè ϕi(x, y)

îãðàíè÷åíû â Di.

Çàäà÷à (1)�(3) îïèñûâàåò óñòàíîâèâøèåñÿ ïðîöåññû òåïëîìàññîïåðåíîñà (òåïëî-

ïðîâîäíîñòè, ôèëüòðàöèè æèäêîñòè, äèôôóçèè è äð.) â êóñî÷íî-íåîäíîðîäíûõ ñðå-

äàõ ñ ôóíêöèÿìè ïðîíèöàåìîñòè Ki(x) â ñîîòâåòñòâóþùåé ïîëîñå Di ïðè çàäàííîì

ïîòåíöèàëå íà âíåøíåé ãðàíèöå ïîëîñû D. Â çàäà÷å (1)�(3) ãðàíè÷íîå óñëîâèå îä-

íîðîäíî ïðè x = −l, ÷òî íå óìàëÿåò îáùíîñòè, ò. ê. ïðè îäíîðîäíîì ãðàíè÷íîì

óñëîâèè ïðè x = l (è íåîäíîðîäíîì ïðè x = −l) çàäà÷à ðåøàåòñÿ àíàëîãè÷íî, à â

îáùåì ñëó÷àå ðåøåíèå çàäà÷è èìååò âèä ñóììû ðåøåíèé óêàçàííûõ çàäà÷.

Ïðîíèöàåìîñòü â çîíàõ Di ìåíÿåòñÿ ïî ïåðåìåííîé x è íå ìåíÿåòñÿ ïî ïåðåìåí-

íîé y. Âî âñåé ïîëîñå D ôóíêöèÿ ïðîíèöàåìîñòè ïðè k1 6= k2 íà ëèíèè x = 0 èìååò

ðàçðûâ (ñêà÷îê) è âîçðàñòàåò ïî àðãóìåíòó x â îáåèõ çîíàõ Di. Îòìåòèì, ÷òî çà ñ÷¼ò

íåðàâåíñòâà (5) òî÷êè, â êîòîðûõ ôóíêöèè ïðîíèöàåìîñòè (4) ðàâíû íóëþ, ëåæàò

âíå ñîîòâåòñòâóþùåé çîíû Di. Íà ëèíèè x = 0 ïðîíèöàåìîñòè ñëåâà è ñïðàâà ñîîò-

âåòñòâåííî ðàâíû k1 è k2, ïðè ýòîì ïîñòîÿííûå ki > 0 ìîæíî çàäàâàòü ïðîèçâîëüíî,

òîãäà îäíà èç ïîñòîÿííûõ bi îïðåäåëÿåòñÿ èç ðàâåíñòâà (5).

Óñëîâèÿ ñîïðÿæåíèÿ (3) âûðàæàþò íåïðåðûâíîñòü ïîòåíöèàëà è íîðìàëüíîé ñêî-

ðîñòè íà ëèíèè ðàçðûâà ïðîíèöàåìîñòè.

Â çàäà÷å (1)�(3) ïåðåéä¼ì ê íîâûì íåèçâåñòíûì ôóíêöèÿì ui(x, y) â çîíàõ Di ïî

ôîðìóëàì [3, ñ. 220]

ϕ1(x, y) =
u1(x, y)

b1x+ 1
, ϕ2(x, y) =

u2(x, y)

b2x+ 1
. (6)

Îòñþäà óðàâíåíèÿ (1) äëÿ ôóíêöèé ui(x, y) ïðèìóò âèä óðàâíåíèÿ Ëàïëàñà:

∆ui(x, y) = 0, (x, y) ∈ Di, (7)

ãäå ∆u = ∂xxu+ ∂yyu. Ãðàíè÷íûå óñëîâèÿ (2) ïðèìóò âèä

u1|x=−l = 0, u2|x=l = H(y), (8)

ãäå

H(y) =
h(y)

b2l + 1
. (9)
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Óñëîâèÿ ñîïðÿæåíèÿ (3) äëÿ ôóíêöèé ui(x, y) (6) ñ ó÷¼òîì ðàâåíñòâà (5) ïðèìóò

âèä óñëîâèé ñîïðÿæåíèÿ äëÿ îäíîðîäíûõ ñðåä:

x = 0 : u1 = u2, k1∂xu1 = k2∂xu2. (10)

Îòñþäà äëÿ ôóíêöèé ui(x, y) çàäà÷à èìååò âèä (7), (8), (10).

Íàðÿäó ñ çàäà÷åé (7), (8), (10) ðàññìîòðèì êëàññè÷åñêóþ çàäà÷ó Äèðèõëå äëÿ

óðàâíåíèÿ Ëàïëàñà îòíîñèòåëüíî ôóíêöèè F (x, y) â îäíîðîäíîé ïîëîñå −l < x <

< l, y ∈ R:

∆F = 0, F|x=−l = 0, F|x=l = H(y). (11)

Ðåøåíèå çàäà÷è (11) ñòðîèòñÿ ïîñðåäñòâîì êîíôîðìíîãî îòîáðàæåíèÿ ζ = e−ic(z−l)

ïîëîñû D(−l < x < l) ïëîñêîñòè z = x + iy íà ïîëóïëîñêîñòü η > 0 ïëîñêîñòè

ζ = ξ+iη è ðåøåíèÿ ïîëó÷åííîé çàäà÷è Äèðèõëå íà ïîëóïëîñêîñòè η > 0 ïî ôîðìóëå

Ïóàññîíà. Îòñþäà ôóíêöèþ F (x, y) (11) íàéä¼ì â âèäå

F (x, y) = −sin c(x− l)
2l

∞∫
−∞

H(t)dt

ch c(y − t) + cos c(x− l)
, c =

π

2l
. (12)

Äëÿ øèðîêîãî êëàññà ãðàíè÷íûõ ôóíêöèé H(y) (9) (íàïðèìåð, äëÿ êóñî÷íî-

íåïðåðûâíûõ ôóíêöèé H(y), ñîñòàâëåííûõ èç ìíîãî÷ëåíîâ îò ecy) ôóíêöèÿ F (x, y)

(12) ñòðîèòñÿ â êîíå÷íîì âèäå â ýëåìåíòàðíûõ ôóíêöèÿõ. Ïîýòîìó F (x, y) áóäåì

ñ÷èòàòü èçâåñòíîé ôóíêöèåé. Òîãäà ðåøåíèå çàäà÷è (7), (8), (10) âûðàæàåòñÿ ÷åðåç

ôóíêöèþ F (x, y) â êîíå÷íîì âèäå:

u1(x, y) =
2k2

k1 + k2

F (x, y), −l < x < 0; (13)

u2(x, y) = F (x, y) +
k2 − k1

k1 + k2

F (−x, y), 0 < x < l. (14)

Ôîðìóëû (13), (14) ñëåäóþò èç ôîðìóë äëÿ ïîòåíöèàëîâ â êóñî÷íî-îäíîðîäíûõ ñðå-

äàõ, ðàçäåëåííûõ ïëåíêîé x = 0, â ÷àñòíîì ñëó÷àå ïðè îòñóòñòâèè ïëåíêè [4] (ò.

å. ïðè èäåàëüíîì êîíòàêòå äâóõ ñðåä). Îòñþäà ðåøåíèå èñõîäíîé çàäà÷è (1)�(3) â

êóñî÷íî-íåîäíîðîäíîé ïîëîñå D ñòðîèòñÿ ïî ôîðìóëàì (6), (12)�(14):

ϕ1(x, y) =
2k2

(k1 + k2)(b1x+ 1)
F (x, y), −l < x < 0, (15)

ϕ2(x, y) =
1

b2x+ 1

[
F (x, y) +

k2 − k1

k1 + k2

F (−x, y)

]
, 0 < x < l, (16)

ãäå ôóíêöèÿ F (x, y) èìååò âèä (12).

Ðàññìîòðèì ïðåäåëüíûé ñëó÷àé, êîãäà b1 = 1/l. Îòñþäà ôóíêöèÿ ïðîíèöàåìîñòè

K1(x) (4) ïðèìåò âèä

K1(x) =
k1

l2
(x+ l)2.
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Â äàííîì ñëó÷àå ïðîíèöàåìîñòü â çîíå D1(−l < x < 0) âîçðàñòàåò îò íóëÿ ïðè

x = −l äî k1 ïðè x = 0. Äëÿ ïîòåíöèàëà ϕ1(x, y) íà ëèíèè íóëåâîé ïðîíèöàåìîñòè

x = −l äîëæíî âûïîëíÿòüñÿ óñëîâèå íåïåðåòåêàíèÿ, ò. å. ëèíèÿ x = −l ÿâëÿåòñÿ
íåïðîíèöàåìîé ñòåíêîé, íà êîòîðîé íîðìàëüíàÿ ñêîðîñòü äîëæíà ðàâíÿòüñÿ íóëþ.

Îòñþäà ïðè x → −l äîëæíî âûïîëíÿòüñÿ óñëîâèå K1∂xϕ1 → 0. Òîãäà äëÿ ôóíêöèè

u1(x, y) (6) ñ ó÷¼òîì

ϕ1 =
lu1

x+ l
, K1∂xϕ1 =

k1

l
[(x+ l)∂xu1 − u1]

ïîëó÷èì ïðåæíåå ãðàíè÷íîå óñëîâèå (8): u1|x=−l = 0, ò. å. â äàííîì ñëó÷àå äëÿ ôóíê-

öèé ui(x, y) çàäà÷à èìååò âèä (7), (8), (10), ðåøåíèå êîòîðîé ñòðîèòñÿ ïî ôîðìóëàì

(13), (14). Ïðè ýòîì ðåøåíèå èñõîäíîé çàäà÷è (1)�(3) âûðàæàåòñÿ ðàâåíñòâàìè (15),

(16).

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì çàäà÷ó (1)�(3) äëÿ êóñî÷íî-ïîñòîÿííîé ãðàíè÷-

íîé ôóíêöèè:

h(y) =

{
p, y ∈ (α, β),

0, y /∈ (α, β),
(17)

ãäå p � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Îòìåòèì, ÷òî ñóììîé êóñî÷íî-ïîñòîÿííûõ ôóíê-

öèé òèïà (17) ìîæíî àïïðîêñèìèðîâàòü ñ ëþáîé çàäàííîé òî÷íîñòüþ ïðîèçâîëüíóþ

êóñî÷íî-íåïðåðûâíóþ ãðàíè÷íóþ ôóíêöèþ h(y). Îòñþäà ôóíêöèÿ H(y) (9) ïðèìåò

âèä

H(y) =

{
p/(b2l + 1), y ∈ (α, β),

0, y /∈ (α, β).

Âû÷èñëÿÿ èíòåãðàë (12), íàéä¼ì ôóíêöèþ F (x, y) â êîíå÷íîì âèäå

F (x, y) =
2p

(b2l + 1)π

[
arctg

ec(α−y) − cos c(x− l)
sin c(x− l)

− arctg
ec(β−y) − cos c(x− l)

sin c(x− l)

]
, (18)

ãäå c = π/(2l). Îòñþäà ðåøåíèå èñõîäíîé çàäà÷è (1)�(3) â êóñî÷íî-íåîäíîðîäíîé

ïîëîñå ñòðîèòñÿ â êîíå÷íîì âèäå â ýëåìåíòàðíûõ ôóíêöèÿõ ïî ôîðìóëàì (15), (16),

ãäå ôóíêöèÿ F (x, y) èìååò âèä (18).
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Dirichlet Problem in a Strip for Divergent Equations with Monotone
Discontinuous Coe�cients. Cases of the Solution to the Problem

in the Final Form

The �rst boundary-value problem is considered in a strip −l < x < l, y ∈ R consisting of
two inhomogeneous zones D1(−l < x < 0) and D2(0 < x < l) in which the divergence equation
has coe�cients of the form K1(x) = k1(b1x+ 1)2 and K2(x) = k2(b2x+ 1)2, respectively, where
the constants ki, bi satisfy the condition k1b1 = k2b2. The solution to the problem is expressed in
its �nal form through the solution of the classical Dirichlet problem in the strip for the Laplace
equation.

Keywords: boundary value problems in a strip, divergence equation, piecewise-continuous
permeability functions, conjugation conditions

1S. Ye. Kholodovskii systematized material.
2I. A. E�mova systematized the material, carried out numerical calculations.
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